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RESUMO

HOLNESS, Elly d’Alcantara Fonseca Controle Extremal Simplificado Baseada no Gra-
diente para Mapas Estdticos Multivaridveis com Diferentes Atrasos de Entrada. 65 f.
Dissertacao (Mestrado em Engenharia Eletronica) - Faculdade de Engenharia, Universi-

dade do Estado do Rio de Janeiro (UERJ), Rio de Janeiro, 2020.

Este estudo aborda a anélise e projeto de controle extremal multivaridvel para
mapas estaticos sujeitos a atrasos arbitrariamente longos. O método do gradiente é con-
siderado. Sao tratados os sistemas de miltiplas entradas com atrasos diferentes em cada
canal de entrada. No método alternativo, a compensacgao de fase dos sinais de excitacao e
a inclusao de feedback do preditor com uma estimativa da Hessiana baseada em perturba-
¢ao (baseada na média) permitem obter resultados de convergéncia exponencial local para
uma pequena vizinhanca do ponto 6timo, mesmo na presenca de atrasos. A anélise de
estabilidade é realizada sem o uso de transformacao backstepping, que também elimina
a complexidade do controlador. Em suma, assegura-se um esquema de implementacao
mais simples e analise direta sem invocar sucessivas transformacoes de backstepping. Um
exemplo ntmerico ilustra o desempenho do controle extremal com compensacao de atraso

e sua simplicidade.

Palavras-chave: Controle adaptativo; Método gradiente de controle extremal; Otimizacao

em tempo real; Realimentacao por preditor; Sistemas com atraso.



ABSTRACT

HOLNESS, Elly d’Alcantara Fonseca A Simplified Gradient-Based Extremum Seeking for
Multivariable Static Maps with Different Input Time Delays. 65 f. Dissertacao (Mestrado

em Engenharia Eletronica) - Faculdade de Engenharia, Universidade do Estado do Rio

de Janeiro (UERJ), Rio de Janeiro, 2020.

This study addresses the design and analysis of multivariable Extremum Seeking for
static maps subject to arbitrarily long time delays. Gradient-based method is considered.
Multi-input systems with different time delays in each individual input channel are dealt
with. In the alternative method the phase compensation of the dither signals and the
inclusion of predictor feedback with a perturbation-based (averaging-based) estimate of
the Hessian allow to obtain local exponential convergence results to a small neighborhood
of the optimal point, even in the presence of delays. The stability analysis is carried
without using backstepping transformation, which also eliminates the complexity of the
controller. In a nutshell, a simpler implementation scheme and direct analysis without
invoking successive backstepping transformation can be assured. A numerical example
illustrates the performance of the proposed delay-compensated extremum seeking scheme

and its simplicity.

Keywords: Adaptive control; Gradient extremum seeking; Real-time optimization; Pre-

dictor feedback; Delay systems.
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INTRODUCTION

Extremum seeking (ES) is a method for real-time non-model based optimization.
The adaptive control method is used for tuning parameters when there is a nonlinearity in
the control problem with a local maximum or minimum. The most popular ES approach
relies on a small periodic excitation, usually sinusoidal, to disturb the parameters being
tuned [2-8]. This approach quantifies the effects of the parameters on the output of the
nonlinear map, then uses that information to generate the search of the optimal values.

This work analyses Extremum Seeking with delays, starting from a review of dif-
ferent approaches for Extremum Seeking schemes with delays in the literature. The final
goal is to present an alternative gradient-based extremum seeking control for multiva-
riables static maps with different input time delays. Simulation results based on this

alternative method are also presented.

History

In recent years, there have been a lot of advances in theory and applications of ES.
This list includes the proof of local [2-4] or semi-global [7] stability properties of the search
algorithm even in the presence of local extrema [8], its extension to the multivariable case
[9] and advances in parameter convergence and performance improvement |5,6,/10,11]. The
book [12] also presents stochastic versions of the algorithm with filtered noise perturbation
signals.

A lot of processes in different sectors of industry have to deal with delays that
interfere in the stability and performance of the systems. These delays can be caused by
properties intrinsic to the process, in the input of the control signal (input delays), or in
the measurement of the controlled variables (output delays). Additionally, delays can be
constant of variant in time, known or unknown.

Recently, the infinite-dimensional backstepping transformation [13]| had shed light
on new predictor feedback designs for delay compensation. Such a methodology has
opened the possibility to construct explicit Lyapunov functionals for stability analysis or
to quantify the performance and the robustness of the predictor based control scheme.

The motivation for this study is that there are applications in which post-processing
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of the plant’s measured output translates into a considerable delay in generating the
control input to be applied to the plant.

The work in [14] proposes a solution to the problem of multivariable ES algorithms
for output and/or equal input delay systems via predictor feedback, presenting two ap-
proaches to construct a predictor via perturbation-based estimates of the model. The first
one is based on gradient optimization where they estimate the Hessian ( [9]; [15]) for the
purpose of implementing a predictor that compensates the delay. The second approach
is based on the Newton optimization where they estimate the Hessian’s inverse for the
purpose of making the convergence rate independent of the unknown parameters of the
map.

The publication in |16 extends the result from [14] to multiple and distinct input
delays, for both gradient and Newton methods. In order to compensate multiple distinct
delays in multivariable ES, they have developed an extension of the predictor feedback
approach for the multi-input case with distinct delays through the introduction of a new
successive-backstepping transformation [17]. The result is a very complex predictor de-
sign with stability analysis being carried out by using a novel successive backstepping
transformation and averaging in infinite dimensions.

The publication [16] extends the result to multiple and distinct input delays, for
both gradient and Newton methods, resulting in a very complex predictor design with sta-
bility analysis being carried out by using a novel successive backstepping transformation
and averaging in infinite dimensions. On the other hand, [18| proposes new designs for
multivariable extremum seeking for static maps with arbitrarily long time delays. Such a
sequential predictor based approach eliminates the need for distributed terms. However,
in sequential predictors larger delays or higher-dimension maps require smaller values of
the dither excitation frequencies and therefore lead to slower convergence.

In contrast to [16], an alternative gradient-based extremum seeking scheme is pre-
sented in this dissertation that does not require backstepping transformation, which also
leads to a much more simple control feedback structure. Indeed, this is the first result
for predictor-feedback extremum seeking (with distributed terms) where the backstepping
transformation is not employed. Moreover, the advantages of this metodology over the
results in [18] seems to be that the delays in our approach are independent of the dither

frequency and system’s dimension, which means that we do not need to consider smaller
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delays (or lower-order maps) to achieve faster convergence rates.
Methodology

The methodology used during the development of this study is:

e Statement of the control problem. A static quadratic map will be used for simplicity,

and the general premise is that the delays are known.

e Controller proposal based predictor feedback with perturbation-based estimate of

the Hessian;
e Stability analysis for the average system to conclude local exponential convergence;

e Simulation for R? — R system. The size of the system was chosen for computational

simplicity, as the controller equations in a R?> — R system is already very complex.

Notation and Norms

Considering a non linear generic systems & = f(¢,x,¢), where x € R", f(z,t,¢€)
is periodic in t period T, which means, f(t + T,z,¢) = f(t,x,e). Then, for ¢ > 0
sufficiently small, it is possible to obtain the medium model given by &,y = fav(Zay), with
fav(x) = % fOT f(7, Zay, 0)dT, where x,, denotes the medium version of the state z(t) [19].

[19] defines a vector function f(t,€) € R that is said to be of order O(e) inside the
interval [t, to] if there are positive constants k and € such that | f(¢,¢)| < Ke Ve € [t1, 2]
and Vit € [ty,t5] . Sometimes it is possible to estimate k and € and with that quantify

O(e). Otherwise O(e) should be considered the order of magnitude for e sufficiently small.
Averaging Theorem for FDE [20]

Consider the system with delay

t
:iczf(E,xt), parat >0
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where € is a real parameter, 7,(0) = z(t+ 0) for —r < © < 0. Let Q be a neighbourhood
of 0 in X = C([—r,0];R™), the supremum normed Banach space of continuous functions
from [—r, 0] to R™. Suppose f: R x 2 — R"™ is continuous.

For ¢ € Q2 we assume that f(t,¢) is almost periodic in ¢ uniformly with respect to
¢ in compact subsets of 2 and f has a continuous Fréchet derivative O(f, ¢)/Jdpx in ¢ on
R x Q.

If y = yo € Q2 is a exponentially stable equilibrium to the averaged system 7(t) =
fo(ys), para t > 0, where

foli) = lim (1/T) / £(s,0)ds,

T—o0

then, for some ¢y > 0 and 0 < e < ¢, there exists a single periodic solution ¢ — z*(t, €)
to the system with the properties of being continuous in ¢ and e, satisfying |x*(¢, €) — yo| <
O(e) para t € R, and there exists p > 0 such that, if x(.; p) is a periodic solution to the
system with x(s) = ¢ and |p — yo| < p, then |z(t) — z*(t,€)| < Ce =) for C' > 0 and
v > 0.

Important Inequalities

In this work the inequalities of Cauchy-Schuarz are frequenty used, therefore they

are defined here in the domain [0, D].

Cauchy-Schwarz Inequality

/0 ule, (e, )z < |[u(®)]] [l 1)

Young’s Inequality

1
ab< La? 4 —

b? > 0. 2
2" T T (2)

Structure of the Study
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This work is divided in four chapters aiming to review the different approaches of
multivariable Extremum Seeking with delays.

Chapter [1]is a review of the Extremum Seeking method for scalar nonlinear static
maps.

Chapter [2| will review the gradient approach for multivariable Extremum Seeking
with output and/or equal input delays presented in |14], whereas Chapter |3| will present
the extended solution for different input delays proposed in [16]. In both cases stability
analysis is carried out by Lyapunov functionals for predictor feedback via backstepping
transformation.

Chapter {] will present the alternative scheme proposed by [1| for different input

delays, with stability analysis and simulation results for a R? — R static map.
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1 EXTREMUM SEEKING REVIEW

Extremum seeking (ES) control is a real-time, model independent adaptive control tech-
nique for tuning parameters to optimize an unknown nonlinear map. The most popular
extremum seeking approach relies on a small periodic excitation, usually sinusoidal, to
disturb the parameters being tuned. This approach quantifies the effects of the parame-
ters on the output of the nonlinear map, then uses that information to generate the search
of the optimal parameter values.

Figure 1] shows the simplest perturbation-based Extremum Seeking scheme for a
quadractic multivariable map y = Q(6) = Q* + 3(0 — 6*)" H(0 — 6*), where 6 is the input

vector § = [0,0,,---,0,]7 and Q* is the extremum.

~Q()

S
P
~
N—
» | =X
)
P
~~
N

Figure 1 Simple perturbation-based Extremum Seeking scheme for an unknown multiva-
riable map y = Q(+).

Three types of 0 are presented in the control scheme, being #* the unknown opti-
mizer of the map, 0(t) the real time estimate of #* and 6(t) the actual input into the map.
The optimal output y* and Hessian H are also unknown. The user has to know whether
the map has a maximum or a minimum i.e. the signal of the Hessian H.

The estimate 6(t) is generated by the integrator K/s where the diagonal gain
matrix K controls the speed of estimation for each input.

The dither signals that are used for the estimate the gradient are defined as

S(t) = [al sin(wit) ... aysin(w,t) ! (3)
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M) = | Zsinwt) .. = sin(wnt) (4)

ay ap,
where a; # 0. The sine wave was chosen for the perturbation signal, although a lot of other
persistent perturbation could be used instead, from square waives to stochastic noise, as
long as they have zero average. To guarantee convergence, w; # w;. And for simplicity
in the convergence analysis, user should choose w;/w; as rational and w; + w; # wy for
distinct ¢, j, and k.

The Extremum Seeking algorithm is successful if the error (t) between the esti-

mate é(t) and the unknown 6* converges towards zero.

0(t) =0(t) — 0 (5)

From [Figure 1, 6 = KM (t)y(t). Considering the quadratic map, the estimation

error is governed by

: 1
H:KMU)Q“+?G—WFHw—m) (6)
But 0(t) = 0(t) + S(t) so by replacing right side of (@) in terms of 6 in We have

6= KM(1)Q + %@(é +S())TH@E + S()) (7)

Considering the sinusoidal components of M (t) and S(t), the averaged system is
given by

Ope = K HO,,. (8)

If, for example, the map Q(-) has a maximum that is locally quadratic (which
implies H = H? < 0), and if user chooses the elements of the diagonal gain matrix
K as positive, the gradient-based ES algorithm is guaranteed to be locally convergent.
However, the convergence rate depends on the unknown Hessian H.

In the next chapters this basic scheme for Extremum Seeking Control will be
extended to encompass delays in the control signal (input channels) or measurement of

controlled variables (output channels), considering also multivariable problems.



16

1.1 Simulation Results

In order to evaluate the multidimentional version of the delay-free extremum seeking
control, we consider the following static quadratic map, in the diagram of in a

n = 2 example:
Q) =1+ % (2(0,)% + (6, — 1) + 46,6, — 1)) | ()

The extremum points are 8* = (0,1) and y* = 1. Test was performed with diagonal
1

K= diag{Kl,Kg} where Kl = 100’ K2 =

T and parameters a; = ay = 0.05, w = 0.5,
wi = 17.5w, wy = 12.5w, and A(0) = (1,1).

1
200’

Figure 2 ES with no delays: time response for y(t) and parameter 6(t)

shows the time response for y(¢) and 6(t) respectively for the extremum

seeking control with no delays. The control scheme properly stabilise the system.
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2 MULTIVARIABLE GRADIENT ES WITH OUTPUT AND/OR EQUAL
INPUT DELAYS

Multivariable Extremum Seeking control considers applications in which the goal is to
maximize (or minimize) the scalar output y € R of an unknown non-linear static map
y = Q(0) by varying the input vector § = [0, 0, --- 0,,]".

In this case we assume that a delay D > 0 is constant and known, and the measured

output is given by

y(t) = QO(t — D)). (10)

The system was assumed to be output delayed, however the results can be extended
to the input-delay case, as long as they are the same in each individual input channel.
The case when input delays D;, and output delays D,,; occur simultaneously could also
be handled, by assuming that the total delay to be counteract would be D = D;,, + Doy
with D, Doy > 0.

Without loss of generality, let us consider the maximum seeking problem such that
the maximizing value of 8 is denoted by 6*. For the sake of simplicity, we also assume

that the non-linear map is quadratic, i.e.,

y(0) =y + 50— ) H(E - 0°), (11)

where besides the constants 0* € R" and y* € R being unknown, H = H?' < 0 is the
n x n unknown Hessian matrix of the static map.

Let 6 be the estimate of §* and

(t) = 0(t) — 6* (12)

be the estimation error. From [Figure 3| we obtain

G(t) = M(t)y(t) (13)
0(t) = 0(t) + S(t) (14)

where the vector dither signals are given by
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Q0
d o0} R d
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" P_)rerlic;or __________ l
0 |1 v [ ¢ G Y
S s+c —1] VA

Figure 3 Block diagram of the basic prediction scheme for output-delay [1] compensation
in multivariable gradient ES.

S(t) = [al sin(wit) ... ansin(wnt)}T (15)
M(t) = L% sin(wy(t— D)) .. %sin(wn(t—D))} (16)

with non-zero perturbation amplitudes a; and frequencies w; # w; . For simplicity in the
convergence analysis, we should choose w;/w; as a rational and w; + w; # wy for distinct
i, j, k [9].

Notice that equation (16) is different from the multiplicative vector dither signal
used in classical extremum seeking showed in Chapter The phase shift —w;D is the
first measure employed here to compensate the output delay in (10)).

The probing frequencies w;’s can be selected as

wi =ww =0(w), i€1,2,--n, (17)

where w is a positive constant and w, is a rational number. One possible choice is given

in 9] as

1
w, ¢ {w}, §(w3 + wy), Wi + 2wy, Wi+ wy iw{}, (18)

for all distinct 4, 7, k and .
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2.1 Averaging Analysis without Predictor Compensation

If the classical gradient Extremum Seeking control feedback law U(t) = KG(t) was ap-
plied, one could write 6(t) = 6(t) = KG(t), where K > 0 is a n X n positive diagonal
matrix. From ([L0)), and (14)), the closed loop system would be written as:

0 = KM(H)Q(0" + S(t) + 0(t — D)), (19)

in the parameter error variable . For the case of a quadratic map , by taking II

as

%

H:27r><LCM{i}, Vie{l,2,--- ,n}, (20)

where LCM stands for the least common multiple and using the following identities

1 .
ﬁ/o M(o)Q*do = 0, (21)

% /0 M;“) 0+ S(0)"H(0 + S(0))do = HE, (22)

to average , we would obtain:

A0,y (1)
dt

= KHO,,(t — D) (23)

From , it is clear that the equilibrium égv = 0 of the average system is not
necessarily stable for arbitrary values of the delay D. This reinforces the necessity of

applying the prediction U(t) = KG(t + D), Vt > 0 to stabilize the system.

2.2  Preditor Feedback via Hessian Estimation

The idea of the predictor feedback [14] is to compensate for the delay by feeding back
the future state G(t + D), or G,y (t + D) in the equivalent average system. The average
version of the vector signal is given by

Gaw = HO,(t — D), (24)

generated by the following average system
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Ous(t — D) = U (t — D), (25)
since

6(t—D)=U(t— D) (26)

with U € R" and U,, € R". Consequently,

Gav(t) = HUaV(t - D) (27)

Given the stabilizing diagonal matrix K > 0 for the undelayed system, our wish is

to have a controller that achieves

Uav(t) — KGav<t + D), \V/t Z 07 (28)

and it appears to be non implementable since it requires future values of the state. Howe-
ver, by applying the variation of constants formula to (27)) we can express the future state

as

c%@+mzcﬂw+ﬂ/mﬁmw—mw- (29)

where the current state Gy (t) is the initial condition. Shifting the time variable under

the integral in (29)), we obtain

GM#H»:GMU+H/t&M®W, (30)

which gives the future state G, (t+ D) in terms of the average control signal U,, (o) from

the past window [t — D, t]. Tt yields the following feedback law

Un(t) = K [Gav(t) L H /t tD Uav(a)da] | (31)

Hence, from and (1)), the average feedback law can be obtained indeed

as desired. Consequently,

Ou(t) = KCGuy(t + D), V>0, (32)
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Therefore, from (24)), one has

dB,y (1)
dt

= KH#,,(t), Vt>D, (33)

with an exponentially attractive equilibrium égv = 0, since KH < 0. It means that the
delay is perfectly compensated in D seconds, namely, the system evolves as if the delay
were absent after D seconds.

Next, we show that the control objectives can still be achieved if a simple modi-
fication of the above basic predictor-based controller, which employs a low-pass filter, is
applied. In this case, we propose the following infinitedimensional and averaging-based

predictor feedback in order to compensate the delay [21]

C

U(t) = {K [G(t) b /t jD U(T)dT] } K0 (34)

s+c

where ¢ > 0 is sufficiently large, i.e., the predictor feedback is of the form of a low-pass
filtered of the non average version of . This low pass filtering is particularly required
in the stability analysis when the averaging theorem in infinite dimensions 20| is invoked.
Basically, the output delay is handled as a state delay in the averaging theorem when we
introduce the lag filter. Note that we mix the time and frequency domains in by using
the braces {-} to denote that the transfer function acts as an operator on a time-domain
function.

The predictor feedback is infinite-dimensional because the integral involves
the control history over the interval [t — D, t]. On the other hand, it is averaging-base
(perturbation-based) because H is updated according to the estimate of the unknown

Hessian H:

H(t) = N(t)y(t) (35)

satisfying the following averaging property

% /0 N(o)ydo = H, (36)

demonstrated in [9] if a quadratic map as in is considered. In other words, the average
version H,, = (Ny)ay = H.
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The elements of the n x n demodulating matrix N(¢) for generating the estimate

of the Hessian are given by:

Ny (1) 7 <Sin2(w"<t ~P- %) = (37)
’Lj t g KA

2.3 Stability Analysis

The feedback law seems to be implicit since U is present on both sides. However, the
input memory U(o), where o € [t — D, t], is part of the state of an infinite-dimensional
system, and thus the control law is effectively a complete-state-feedback controller.

However, the analysis sketched previously does not capture the entire system con-
sisting of the ODE in and the infinite-dimensional subsystem of the input delay. The
developments in [13] make it possible to address these concerns due to the availability of
Lyapunov functions for predictor feedback via backstepping transformation. The backs-
tepping construction permits a stability analysis of the complete feedback system with
the cascade PDE-ODE described below and the infinite-dimensional control law (34]),
resulting in an exponential stability estimate in the appropriate norm of this system.

By applying averaging theorem in infinite dimensions 20|, we can state the fol-
lowing stability result for gradient Extremum Seeking control in the presence of output

delays.

Theorem 1. Consider the control system in with delayed output (@)
and non-linear map . There exists ¢ > 0 such that, Ye > ¢*, Jw*(c) > 0 such
that, Yw > w*, the closed-loop delayed system (@) and with state é(t - D), U(r),
V1 € [t— D, t|, has a unique exponentially stable periodic solution in t of period I1, denoted
by 0"(t — D), U™(7), V7 € [t — D, 1], satisfying, ¥t > 0:

- 2 2 t ) 1/2
(‘6“(1& —o)| + o) + /t_D U ()| dT) < 0(1/w). (39)
Furthermore,
htril-fip 0(t) — 0°| = O(la] + 1/w), (39)
limsup [y(t) — y*| = O(lal* + 1/w?), (40)

t——+o0
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where a = [ay az - a,)T.
Proof: The demonstration follows the Steps 1 to 8 below.

Step 1: Transport PDE for Delay Representation

6(t — D) = u(0,1), (41)
u(x,t) = ug(x,t), x€l0,D], (42)
u(D,t) = Ul(t), (43)
with solution
u(z,t) =U(t+x — D) (44)

Step 2: Fquations of the Closed-loop System
First, plug and into so that the output is given in term of 6:

(0(t — D)+ S(t — D)TH(6(t — D) + S(t — D)) (45)

DN | —

y(t) =y" +

By plugging and into ([34)), and representing the integrand in (34) using
the transport PDE state, one has

C

U(t) = {K [M(t)y(t) + N @) /0 " o, t)da} } | (46)

s+c

Finally, substituting into (43), we can rewrite (41)-(43) as

6(t — D) = u(0,1t), (47)
Owu(z,t) = Opu(z,t), =z €l0,D], (48)
u(D,t) = ; i - {K {M(t)y(t) + N(t)y(t)/o u(o, t)da} } : (49)

with solution
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Uay (2,1) = Ugy(t + 7 — D). (50)

Step 3: Average Model of the Closed-loop System
Analogously to the computation carried out in [9], the following two averaging

properties can be obtained if a quadratic map as in (46)) is considered:

% /OH M(Nyd\ = Hb,(t — D), (51)

and

% /0 N(\yud\ = H /O Uay (0, 1)do (52)

where u(t) = fOD u(o,t)do, whereas 0, (t — D) and wu.,(c,t) denote the average
versions of O(t — D) and u(o,t) respectively.

Now denoting

J(t) = 6(t — D) (53)

and using (34), the average version of system (47)-(49) is:

Vay(t) = uar (0,1), (54)
Oyay (z,1) = Opttay(z,t), x €0, D], (55)
%uav(D, t) = —cuay (D, t) + cKH {@av(t) —1—/0 Uay (0, t)da} , (56)

where the filter ¢/s + ¢ is also in the state-space form.
Step 4: Backstepping transformation, its inverse and the target system

Now, consider the following backstepping transformation [13|

w(z,t) = Uay (2, t) — KH |:Q§av(t) + /01‘ Uay (0, t)da} : (57)

with which we want to map the system — into the target system:
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D (t) = K Hi () + w(0, 1), (58)
we(x,t) = we(x,t), x€][0,D], (59)
w(D,#) = —éﬁtuav(D, 0 (60)

which is the cascade of the transport PDE subsystem (59) with boundary condition
and the exponentially stable system ﬁav = KH@aW in , reminding that K H < 0. Note

that, using for x = D and the fact that u,,(D,t) = U,(t), from we get (56),
i.e., the explicit equation of the average control version of

c R D
avt - KH ’19th av 7td . 6]_
Uut) =~ it it + [ oo} (6)

It is easily seen that
wy(D,t) = Oyttay (D, t) — KHuuy (D, t), (62)

where Oy, (d, t) = Uav(t). The inverse of 1) is given by

Uay (T, t) = w(x,t) + KH [eKHx@av(t) —|—/ eKH @y (o, t)da} : (63)
0

Applying and into we get

wy(D,t) = —cw(D,t) — KHw(D,t) — (KH)? [eKHDﬁav(t)+ / ? eKH(D_U)w(U,t)dU] . (64)
0

Step 5: Lyapunov-Krasovskii Funcional

Since the transport PDE — is an exponentially stable system for ¢ > 0
sufficiently large [21], the overall cascade — is exponentially stable. This fact is
established with the Lyapunov functional [14]
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V(1) = Doy (1) POay (t) + g /O (1+ z)w(z, t) w(z, t)dr + %w(D, tY'w(D,t),  (65)

where P = PT > 0 is the solution of the Lyapunov equation

P(KH)+ (KH)'P = —Q, (66)

for some Q = Q7 > 0, and the parameter a > 0 is to be chosen later. We have

V(t) = OL(KH)'P+ P(KH))u + 20% Pw(0,t)
ta / (14 2)w(e, ) Tw. (@, de + w(D, ) w, (D, )

a(l+ D)

= —0L QD + 20T Pw(0,t) + 5

w(D,HTw(D,t) — gw(O, £)Tw(0,¢)

_g/O w(z, t) w(x, t)dz + w(D, ) w,(D,t)

IN

-9
_19;Q19av+_
a

- 2 a [P
ﬁ;FVP‘ - 5/ w(z, t) w(z, t)de
0

+w(D,t)" {wt(D,t) + Mw(D,t)] .
Let us choose
B Amax (P?)

where A, and Ay are minimum and maximum eigenvalues of the corresponding ma-

trices. Then,

V) < @ || / w(e, )T w(z, H)ds
+w(D, )T [wt(D,t)—i—Mw(D,t)] | (68)

Now we consider (68) along with (64). With a completion of squares, we obtain
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V() < —i)\min(Q) ﬁav(t)r—Z/o w(z, t) w(z, t)de

‘(KH)ZQKHD’2 2 1 2 _KH(D-0)]||2 2
w(D,t)]* + = ||(KH)?SHP=|" 1y(D, ¢
(D) lw(D,t)| " |(KH) |" Jw(D, )]
1+D
# |2 | o, - .o (69)
To obtain ([69)), we have used:
—w(D, )" (KH)*¢"" P~ w(o,t)) < |w(D,t)|||(KH)*e*HP=|| w(t)]| (70)

IN

1
T lw®)* + = [|( H)2eX 0= (D, 1)

where the first inequality is the Cauchy-Schwartz and the second is Young’s, the notation
(-,-) denotes the inner product in the spatial variable o € [0, D], on which both e®#(P=)

and w(o,t) depend, and || - || denotes the Ly norm in o, i.e.,

D
H(}'{}]’)QeI(H(ng)H2 _ (KH)Q/ e2KH(D*<7)dO_ (71)
0
D D
lw(®)]? = / w(o, t)"w(o, t)do = / (o, t)Pdo
0 0

Then, from (69)), we arrive at

Vi(t) < —;lAmin(Q> ﬁav(t)‘z — ﬁ/o (1+ 2)w(z, t) w(x, t)dx
—(c— w(D,t)"w(D,t), (72)
where
,_a(l+D) ‘( >26KHD‘2 1 2 KH(D-0)||?
¢ = ——— +|KH|+ @ ta |(KH)?e"HP=|" (73)

Hence, from (72)), if ¢ is chosen such that ¢ > ¢*, we obtain
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V(t) < —uV(1), (74)

for some p > 0. Thus, the closed-loop system is exponentially stable in the sense of the
full state norm

1/2

<|1§a\,(t)|2 + /0 w(x, ) w(z, t)dr +w(D,t) w(D, t)) , (75)

i.e., in the transformed variable (¥, , w).

Step 6: FEzponential Stability Estimate (in Ly norm) for the Average System
(54)-(59)

To obtain exponential stability in the sense of (|1§av(t)|2 + fOD [Uay (7, 1)|?dz +
|Uav (D, t)|2) 2 Ly norm for the average system, we need to show that there exist positive

numbers «; and «» such that

_ D B D
o <wav<t>|2+ / |uav<x,t>|2dx+|uavw,t)F) <V(t)<as (ﬁav<t>2+ / |uav<x7t>2dm+|uav<D,t>|2> |
(76)

This is straightforward to establish by using , , and employing the
Cauchy-Schwartz inequality and other calculations, as in the proof of Theorem 2.1 from
[13].

Hence, with , we get

D

D
O+ 0Pt (0,0 < 26 (10 O+ [ .0 P+ (D0 )
0 1 0

(77)

which completes the proof of exponential stability.
Step 7: Invoking Averaging Theorem
To invoke the averaging theorem, first note that the closed-loop system and



29

(34) can be rewritten as:

6t—D) — U(t-D), (78)
() - —cU(t)Jrc{K[G(t)qL]:I(t) /ttDU(T)dTH, (79)

where z(t) = [0(t — D),U(t)]” is the state vector. Moreover, from and ,

one has

it) = flwt,z), (80)

where 2(0) = 2(t + ©) for —D < © < 0 and f is an appropriate continuous functional,
such that the averaging theorem by [20] and [22] can be directly applied considering
w=1/e.

Moreover, from (77), the origin of the average closed-loop system (54)—(56) with
transport PDE for delay representation is exponentially stable since there exist positive

constants o and 3 such that all solutions satisfy
U(t) < ae™PW(0), V>0, (81)

where W(t) £ |0, (t)|2 + fOD [Uay (7, 1) |2dx + |uay (D, 1)[?, or equivalently,

¥(t) 2 u(t = D)F+ [ [Un(DP b+ U0 (52)

using and (50)).
Then, according to the averaging theorem [20], for w sufficiently large, ([£7)—(49) has

a unique exponentially stable periodic solution around its equilibrium (origin) satisfying

B3).
Step 8: Asymptotic Convergence to a Neighborhood of the Extremum (0%, y*)
By using the change of variables and then integrating both sides of within
the interval [t,o + D]:

V(o + D) =9(t) + /0+D u(0, s)ds . (83)
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From (44), we can rewrite in terms of U, namely

(o + D) =9(t) + /U U(r)dr . (84)
Now, note that
5(0) = 15(0 +D), VYoe[t—D,t]. (85)
Hence,
é(U):é(t—D)-f-/U U(t)dr, Vo ct—D,t]. (86)

By applying the supremum norm in both sides of (86]), we have

sup é(a)‘ =  sup |O(t— D)‘ + sup / U(r)dr
t—D<o<t t—D<o<t t—D<o<t |Jt—D
t
< sup |0(t— D)‘ + sup / \U(7)|dr
t—D<o<t t—D<o<t Jt—D
t
< |0(t—D)| + / \U(T)| dr (by applying Cauchy-Schwarz inequality)
t—D
~ t 1/2 t 1/2
< |6(t— D) —i—(/ 1~dT) X (/ |U(7’)|2d7')
t—D t—D
~ t 1/2
< |6t p)|+vD (/ |U(T)|2dr) | (87)
t—D
Now, it is easy to check
~ ~ 9 t 1/2
G- D) < (‘O(t—D)‘ +/ |U(7’)|2d7') , (88)
t—D

1/2

(/ttDIU(T)IQdTy/2 < (‘é(t—D)‘2+/ttD|U(T)|2dT) : (89)

By using and (89), one has
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pr-ofvn([ o) s (- of |

D

From (87)), it is straightforward to conclude that

sup
t—D<o<t

e”(a)( < (1+vD) (‘é(t—D)‘2+/ttD|U(T)|2dT)1/2 (91)

and, consequently,

1/2

’é(t)‘ < (1+VD) (‘é(t—D)‘2+/tjD‘U(7')‘2dT) . (92)

Inequality can be given in terms of the periodic solution 0™ (t — D), U%(o),
Vo € [t — D, t] as follows

2

é(t)] < (1+VD) (‘é(t — D) — 6"t — D) 4 6"(t — D)

1/2

+/t_D U(r) — U™ (r) + UH(T)\QdT) . (93)

By applying Young’s inequality and some algebra, the right-hand side of and
‘5(15)’ can be majorized by

(é(t)] < V2 (1+VD) (‘é(t — D) — (¢t — D)]2 + \é% — D)

’2
1/2

o[ e-veates [ eere) T ey

According to the averaging theorem [20] and [22|, we can conclude that
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0t —D)— 0%t —D) — 0, (95)

/tD|U(T)—UH(T)|2dT = 0, (96)

exponentially. Hence,

t—+00

limsup|6(t)] = V2 (1+ VD) ((éﬂ(t—p>\2+/t;|UH(T)\2dT)1/2. (97)

From and (97)), we can write

limsup [0(t)] = O(1/w). (98)

t—+o0

From and reminding that 0(¢) = 0(t)+S(t) with S(t) = [ay sin(wyt) - - - ay, sin(w,t)]”,

one has that

0(t) — 0" = 0(t)+ S(t). (99)

Since the first term in the right-hand side of is ultimately of order O(1/w) and the

second term is of order O(|a|), then

lim sup |0(t) — 0*| = O(|a| + 1/w). (100)

t——+o0

Finally, from (10]),(11) and (100), we get (40).
Thus, the average closed-loop system consisting of the plant (48], and

with the average control is exponentially stable at the origin.

For the user, inequalities and guarantee that, if a; in are chosen small
and w in ((17)) is large, the input 6(¢) converges to a small interval around the unknown

0* and y(t) converges to the vicinity of the optimal output y*.
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2.3.1 Simulation Results

In order to illustrate the result of proposed controller to compensate delays, simulation
is presented using the static quadratic map with the Hessian H = [1120(? :38} and its
inverse given by H' = [ 1045 %teco |- The input-output map is subject to an output
delay D = b5s according to . This value of delay induces instability in the closed
loop system if no prediction action is adopted. The extremum point is Q* = 100 and its
maximizer is given by 0* = [2 4]7. The parameters used for simulation are the following:
a=1[01 017, w=02rad/s, w; = 70w, wy = 50w , wy, = 0.08 rad /s, w; = 0.1 rad/s and
0(0) =[2.5 5]

The update law is applied to Hessian’s inverse estimation and the gain matrix
K = 107* diag{0.25,0.25}. The speed convergence is dictated by the Hessian H. Despite
the slow response result showed in [Figure 4] one can note that the deleterious delay could
be counteract and the elements of the Hessian estimate H converge to the actual values

of H, as depicted in Moreover, the extremum @* = 100 is ultimately achieved

as well as its maximizer 6* = [2 4]

100 , , .

y(t) = Q(6(t-D))

o

o — S A R — _—

O i i i i i
0 100 200 300 400 500 600
t(s)

Figure 4 Gradient-based ES under output delay D = 5s: Time response of the delayed
output y(t) converging to the extremum Q* = 100.
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Estimate of H
I
N
o

—60

-80

-120 i i i i
0 20 40 60 80 100
t(s)

Figure 5 Time evolution of the elements of Hessian’s estimator H (t) converging to the
unknown values (H)y; = —100, (H)12 = (H)21 = —20, and (H ) = —30.



35

3 GRADIENT-BASED ES WITH MULTIPLE AND DISTINCT INPUT
DELAYS

In chapter 2] we reviewed the implementation of extremum seeking control for multivariable
static maps subjected to output delays that, without loss of generality, can be extrapolated
to multiple equal input delays.

In this chapter we will focus on multiple and distinct input delays, and the predictor
from [16] will be presented.

We will assume the input-output representation for the quadratic non-linear
map . Thus, the locally quadratic static map with delay is given by

y(t) =" + 50t — D) — ") H(O(t — D) —0°), (101)

where the the delayed input vector can be represented by

01(t — Dy)
, |6t - D)
(t— D)= , . (102)
0,(t— D,)|

Without loss of generality we assume that the inputs have distinct delays which are

ordered so that

D = diag{Dy,--- ,D,}, 0< Dy <Dy<---<D,. (103)

In addition we consider that the constants D; are known for all 1 € 1,2,--- n.

3.1 Gradient-Based ES with Multiple and Distinct Input Delays

From and (t) defined in , we can easily write

é(t—D) = . ; éi(t_Di) =Ui(t = D;), (104)
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0 ] Y
o [ Q")
— M(t)
E—
011 U LG @
- Predictor <~
T S : Feedback :
eq.(112) }AI
S(t) :<_@<_

N(t)

Figure 6 Block diagram of Gradient-based ES for multiple-input delay compensation

and the average model below by using :

Up(t — Dy)|
Gay(t) = i HU™(t—D;)=H vt a D2) , (105)
p :
Ut - D),
since
Up(t— Dy) |
Our(t — D) = vt N b (106)
Ut - D,)|

In (105), U (¢) € Rfor alli € {1,2,...,n} are the elements of the average control
Uw(t) € R™ and the Hessian matrix H = (Hy, Hy, ..., H,) € R™™. In this case, there
always exists a positive diagonal matrix K = (K1, Ky, ..., K,)T € R such that HK is
Hurwitz. For the sake of clarity, we say that H; are column vectors of H and K; are row
vectors of K, Vi=1,...,n.

Henceforth, the purpose of this section is to find a control feedback which has
to perform prediction of the cross-coupling of the channels in (105). By applying the
variation of constants formula to gives

n

t—(D;—Dy)
Gav(t + Dz) - Gav(t) + Z/ HjU;'W(T)dT7 (107)
1 v/t

j= —D;
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such that the predictor feedback realizes
UM (t) = K] Gay(t + Dy) . (108)

From , each control input U2 arrives at the plant at a different time. Since
the system is causal, values of U with j > i on the interval (t — (D; — D;),t) provide
no information for prediction of G, (t + D;). On the other hand, values of U with j <
on the interval (t,¢+ D; — D;) are necessary to calculate (107)), but they are unavailable

future values. For ¢,j € {1,... ,n} with i < j, we have
t—(D;—D;) t t+D;—D;
/ (x)dT :/ (*)dT+/ (x)dT . (109)
t—Dj t—Dj t

Differently from the results in Chapter [2| the variation of constants formula con-

- t+D;—D;
tains an extra term [ 7 (*)drT.

In what follows, we will provide a predictor based controller that is more consistent
with (107). To derive it, we have had to extend the backstepping approach [13] introducing
a new successive backstepping-like transformation [17]. The explicit equation of this
transformation of the delay state is given in the proof of the main theorem.

First of all, let us define the following notation:
A=Y H;K[, i€{0,1,2,...,n}, (110)
j=1

being obvious that Ay = 0,x, and A, = HK. In addition, the matrix-valued function ®

can be represented as |17]

CI)(QE, C) _ eAifl(x_Difl)eAi72(Di71_Di72) . eAjfl(Dj_C)’

Di—l <z < Di7 Dj—l < C < Dj, (].1].)
for any i,j € {1,2,...,n} satisfying i > j, and
(I)(‘T7C) - eAi_l(x_C)v Di—l < C <z < Di) (112)

i€{1,2,...,n}, where we need to treat Dy as 0.
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In a few words, ® can be seen as the state-transition matrix of the time varying
system X (t) = A(t)X(t), ¥t > 0, where A(t) € R™" is a piecewise constant function
defined by

0n><n; té D17
Alt) =49 A, Di<t<Dyy, i=1...n-1, (113)
A, t>D,.

\

As it will be shown in the next section, the following predictor-based controller

D;

+ > /t i)(Di,THDi)ﬁjUj(T(DjDi))dT) } (114)

j=it1/t=Di

guarantees exponential stability for the closed-loop system, with d defined as in (111))

and (112) but replacing A; in (110) by A;(t) := 22:1 H; (t)K], vector G(t) given in 1)

and H being the columns of the Hessian estimate H = (Hy, Hy, ..., H,) € R™" given
by (35)). For w in sufficiently large and a; in (15))-(16]) sufficiently small, the average

version of the predictor-feedback form (114)) can be numerically approximated by

Uiav(t): ‘ {KiT(I)(DhO)GaV(t)

s+c

i ¢
+ KT (2/ D@(Di,T—t—l-Dj)HjU;W(T)dT
j=1"t"Di

n

+ Z /t cb(Di,TtJrDi)HjU;V(T(DjDi))df)} (115)

j=i+1 7t Di

From (113), it is possible to show the term between braces in (115 by itself, if
applied to 1} is enough to conclude that the closed-loop system Gav(t) = A, Gy (t) is
totally delay-compensated Vt > D,,, since A,,=H K is Hurwitz. However, due to technical

limitations involving averaging results in infinite dimensions, we must include a low-pass

filter ¢/(s + ¢) in the predictor control loop, as was done in (114) and (115).
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3.2 Stability Analysis

The availability of Lyapunov functionals for predictor feedback via backstepping transfor-
mation [13| permits the stability analysis of the complete feedback system under delays
with a cascade representation of ODE-PDE equations and the infinite-dimensional control
law.

The resulting exponential stability estimate in Lo-norm of the closed-loop infinite-
dimensional system is stated in the next theorem for Gradient ES subject to multiple and

distinct input delays.

Theorem 2. Consider the control system in with multiple and distinct
input delays according to @ and and locally quadratic nonlinear map . There
exists ¢* > 0 such that, Ve > ¢*, 3 w*(c) > 0 such that, Yw > w*, the closed-loop delayed
system and with state 6’~,-(t —D;), Ui(r), VT € [t — D, t] and Vi € 1,2,... . n,
has a unique locally exponentially stable periodic solution in t of period 11, denoted by

0" (t — D;), UN(7), V1 € [t — D;,t] and Vi € {1,2,...,n}, satisfying, ¥t > 0:

n ) . 1/2
(Z =D+ [UF ) + / {Uz-“m]zdf) <O(1/w). (L16)

i=1
Furthermore,
limsup |0(t) — 0| = O(|a] +1/w), (117)
t—+o00
timsup y(t) — 4] = O(fal? + 1), (118)
t—+oo
where a = [ay ay -+ a,]”.

Proof: The demonstration follows the Steps 1 to 7 below.

Step 1: Transport PDE for Delay Representation
Each individual delay D; in equation ({104) can be represented using a transport
PDE as

0;(t — D;) = u;(0,1), (119)
Owi(z,t) = Oyui(x,t), x€]0,Dy, (120)
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where the solution of (120)—(121)) is

and u(x,t) = [ui(z,t),...,u,(x,t)]7 is the state of the total delay infinite-dimensional
subsystem.

Step 2: Awverage Model of the Closed-loop System

From (119)-(121]), we can rewrite (105)) as

Gu(t) = Y Huf™(0,1), (123)
=1

8tu?V(x7t) = a:vu{‘av(xat% xE[OwDiL (124)

W (Dit) = U@, i=12,....n, (125)

where the solution of (124)—(125)) is
uM(z,t) = UN(t+ 2 — D) (126)

and the PDE state is uay (z,t) = [u?(z,1), ..., u®(z,1)]".
By representing the integrand in (115)) using the transport PDE state, one has the

average control law

U () = {K? (@(Dz-, 0)Gu (1)

n

+ Z /jﬂDi) O(Dy, o) Hjui" (o, t)dcr) } , (127)

j=1
with ¢; : [0, D,] — [0, Dy, j € {1,2,...,n} being the function defined by
z, 0<z<Dj,

¢j(x) = (128)
D;,, Dj<xz<D,.
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Finally, substituting (127)) into (125]), we have

0= > Ha(0,1), (120)
i1
o (z,t) = Opu (x,t), = €[0,Dy], (130)

pris u(Dy,t) = —c u?(D;, t) + cK] (CD(Di,O)GaV(t)

+Z/ ®(D;, 0)Hyul (o, )do) . (131)

Step 3: Successive Backstepping-like transformation, its inverse and the target
system
Consider the new infinite-dimensional backstepping-like transformation [17] of the

delay state

wi(z,t) = ud(x,t) — K (q) z,0)Gay( —1—2/ (z,0)Hjui"(0,t)do ) (132)

which maps the system (129)—(131]) into the target system:

Gav(t) = AnGaV(t) + Z szz(()? t) ) (133>
=1

Oyw;(z,t) = Opw;(x,t) ZAU z € [0,D;], (134)

wi(Di,t) = —Eﬁtu?V(Di,t), 1= 1,2,...,n, (135)

where A, = HK and the coefficients \;; : [0, D;] — R are

KZ-T(I)(I,DJ')H]‘, Dj <z <D,

Note that the PDE for w; is not a simple transport equation unless w; vanishes at

the right boundary. Using (132)) for = D; and the fact that u3¥(D;,t) = U (t), we can

directly obtain ((131)) and (127)) from (135)).
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On the other hand, the inverse of (132)) is given by

ud (z,t) =wi(x, t)+ K] (eA”xGav(tHZ / JeA"(xU)ijj(a,t)dJ). (137)
j=170

For later use, now we find an expression for d;w;(D;,t). Differentiating (137)) with

respect to x on the interval z € (D;_1, D;), gives

Optif (2,1) = pwi(w,t) + Y K[ Hjw;(,1)

j=i

N rey(a)
+Kr'A, (eAnxGav(tHZ /0 ’ eAn<“>ijj(o,t)dy). (138)
Jj=1

In light of (130)—(131]) and (134)—(136]), we arrive at

dyw;i(Di, ) = —cwy(D;, t) — ZKiT@(Di’ Dj)Hjw;(Dj, t)

j=1

— Z KiTijj(Diat) - %(O)TGaV(t)

j=i+1

" roi(Di)
- Z /0 Yi(o)" Hyw; (o, t)do, (139)
j=1

where () := e P9 AT, for each i € {1,2,...,n}.

Note that the right-hand side contains w;(D;,t) for each j greater than 4, which
is not a boundary value of w;. For this reason, a key feature of the Lyapunov functional
is the necessity of breaking the domain of integration for the terms (1 + x)w;(z,t)?, as
shown in the next step.

Step 4: Lyapunov-Krasovskii Functional
Let V be the candidate of Lyapunov function defined by

no i _ D. n
_ T a [ , 2 1 . )2
V(t) = Gay(t)T PGay(t) + ;; 5 /Dj_lu + w)wi(e, t)2de + - ;wz(Dl,t) , (140)
where P = PT € R"™" is the solution of the Lyapunov equation PA, + ATP = —Q for
some Q = QT > 0. The real constant @; > 0 is determined later. The other constants

as, ..., a, are arbitrary real numbers satisfying a; < as < --- < a,. To shorten notation,



we define a function w : [0, 1] x [0, 400) — R™ by

w(f,t)=<w1(D1§,t) wy (D, t) - wn(Dn§,t)>T>
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(141)

for 0 < ¢ < 1. In addition, we omit the dependence on the temporal variable ¢ for

simplicity. For instance, we write V and w;(x) instead of V' (¢) and w;(x,t). Differentiating

V' with respect to ¢ yields

V = -GLQGq + 2GL, PHw(0)
+ZZ“J/ (1 + 2)2wi (2)Ows(x)dz + w(1) T dw(1)
=1 j=1

= —GL QG + 2GT PHw(0) — %w(O)Tw(O)

n t—1 )
-2 %wi(Dj)2 +w(1)" dpw(1)
=2 j=1

n i—1 7

> > > ajw(Dy) / (1+$)KT‘D($ D) How;(x)dx
i=1 =1 j=0+1 i1
1 a;

s a3 [

=1 j=1
where o; > 0 and A € R™" are defined by

aj = (aj41 —a;)(1+Dy), je{l,2,...,n—1},

A =diag {a1(1+ D1),az(1+ D2),...,an(1+ Dy)}.

In what follows we estimate the terms in each line of ((142]).

For the terms in the first line, we have

2
—GawQGay + 2GL. PHw(0) — %w(O)Tw(O) < —Gay <Q — C_LPHHTP> Gay
1

Setting a; = 4 \pax(PHHT P)/A\uin(Q) leads to

— GavQGay + 2GT PHw(0) — %w(O)Tw(O) < - GT QG

(142)

(143)

(144)

(145)

(146)
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Considering the second line of (142). It follows from (139) that

n 1—1

=33 FunD))? + w1 (1)
1

i=2 j=

= —cw(l)Tw(l) —w(1)" Lw(1)

-3 Z o (wz + KT Hyw;(D; )wl(DJ))
1=2 j=1
n n (D)
DTT(0) Gay =Y wi(Di) > /0 Yi(0)T Hjwj(0)do, (147)
i=1 j=1

where L = (L;;) is the n x n lower triangular matrix whose (7, j)th entry L;; is given by

0, i < J,
Li; = (148)
K'®(D;,D;)H;. i>3j.

The matrix-valued function I' : [0, D,,] — R™" is defined to be I'(0) = (71(0),72(0), ..., Tu(0)).

By completing the square, we see that

147 S —C’lU(l) ( )+ GT QGaV

- %wu) (L+ LT + B - 2F(0>TQ‘1F<0>) w(l)

6;(D
—Zwl Z/ o)" H;w;(o)do, (149)

where B € R™*" is the diagonal matrix whose ith diagonal entry is

(Z HHT) o i=1,2,...,n. (150)

Jj=1+1
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Substituting (146) and (149)) into (142)) leads to

V<- —GT QG — L Z/ wi(@)*dz — cw (1) w(1)
_ %w(l) (L+ LT+ B+A-20(0)7Q'1(0) w(1)

6;(D
—Z“’z Z/ (0)T Hyw;(0)do

n 1—1 1

= )" awe(Dy) / j(l + 2) KX ®(z, Dy) Hyw;(x)dz. (151)

i=1 =1 j=4+1 J—1

By using the Cauchy-Schwarz and Young’s inequalities, we can show there exists a diagonal

matrix A € R™*"™ such that

— Z w;i(Dy) Z %(U)Tijj (o)do

n nr95(Di)

D;j
Ezng(Dg)/ (1+ 2)KI'®(x, Dy) How;(z)dx

i=1 (=1 j=0+1 Dj—
<1 (1)TA (1)+‘”§:/Di (x)%d (152)
72w w 41:10 w;(x)“dx.
Then, we have
V<— GT QG — o Z/ w;(x)?dz—w(1)T (cIyxn+R)w(1), (153)

where R = (L + LT+ B+ A —2I(0)"Q7'T(0) + A). Hence, if ¢ > Ayin(R), there
exists p > 0 such that
V< —uv. (154)

Thus, the closed-loop system is exponentially stable in the sense of the full state norm

n D 1/2
(Gav(t)TGav(t) + Z/O w;(z,t)*dx +wi(Di,t)2> : (155)

i.e., in the transformed variable (G, , w).

Step 5: FExponential Stability Estimate (in Ly norm) for the Average System

@)@
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To obtain exponential stability in the sense of the norm

n D 1/2
T(t) & (\Gav(t)\2+2/ [u?v(x,t)]2dx+[u?V(Di,t)]2> , (156)
i=1"0
we must show there exist positive a; and as such that

a1 (t)* < V() < axT(1)*. (157)

This is straightforward to establish by using (132)), (137), (140)) and employing the Cauchy-

Schwartz inequality and other calculations, as in the proof of [13] Theorem 2.1].

Hence, with (154)), we get
n D;
Gu®OF + 3 [l e + [ (Do)
=170
ai

<22 (rGav<o>|2+i / : [u;fw(:z,on?dxﬂu?vwi,on?) , (158)
=1

which completes the proof of exponential stability in the original variable (Gay , tay)-

Step 6: Invoking Averaging Theorem

First, note that the closed-loop system (104) and (114) can be rewritten as:

(‘)i(t—Di):Ui(thi), z'zl,...,n, (159)

Ui(t) = —cUi(t) + cK}F {é(Di,o)G(t)

Lot
+Z/ (I)(Di,T—t—i—Dj)HjUj(T)dT
j=17t=Dj
n t
+ Z/

(i)(Di,T—t-l—Di)I:IjUj(T—(Dj—Di))dT (160)
j=ir1/t=Di

where n(t) = [0(t — D), U(t)]” is the state vector. Moreover, from the definitions of ®

in (114) G(¢) in and H(t) in , one can conclude they are implicit funcions of wt
such that (159) and (160]) can be given in the next compact form

n(t) = flwtne), (161)

where 7;(0) = n(t + ©) for —D,, <O < 0 and f is an appropriate continuous functional,
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such that the averaging theorem by [20,22] in Appendix can be directly applied considering
w=1/e.

From (158), the origin of the average closed-loop system (129)—(131]) with transport
PDE for delay representation is locally exponentially stable. Then, from and (25),

we can conclude the same results in the norm

1/2

(i [éjV(t—Di)qu/oDi [ufw(x,t)]de+[u;‘f‘V(Di,t)]2)

i=1

0> (t — D;)

since H is non-singular, i.e., < |H Y |Ga(t)].
Thus, there exist positive constants « and [ such that all solutions satisfy W (¢) <
ae P (0), Yt > 0, where W(t) 2 2" [eav (t— D ] + [P ) de + [u(Di, ),

or equivalently,
t) £ Z |:é?V<t — Dl)]2 + /tDv [U?V(T)]Q dr + [Uzav(t)]Q : (162)

=1

using (126]). Then, according to the averaging theorem by [20,22] in Appendix, for w

sufficiently large, (119)—(121)) or (104)) and (114]), has a unique locally exponentially stable

periodic solution around its equilibrium (origin) satisfying (116]).

Step 7: Asymptotic Convergence to the Extremum (0%, y*)

By using the change of variables 0;(t) := 0;(t — D;) and then integrating both sides
of within [¢,0 + D;], we have:

Js(0 + Dy) = Di(t) + /HDi w(0,8)ds,  i=1,....m (163)
t
From , we can rewrite in terms of U, namely
Ui(o + D;) = 0;(t) + /UD Ui(r)dr . (164)
t—D;
Now, note that

0:(0) = V(0 +D;), Voelt—D;t]. (165)



Hence,

t—D;

Applying the supremum norm to both sides of (166)), we have

sup
t—D;<o<t

9}-(0)‘

< sup
t—D;<o<t

t
+ sup / |U;(T)| dr

t—D;<o<t t—D;

t
0;(t—D;) +/ |U;(7)|dr  (by Cauchy-Schwarz)
t—D;

_ t 1/2 t 1/2
t—D; t—D;

t 1/2
Uf(T)dT) :

0,(t— D, +\/E(/t

IN IN

~—

IN

~—

D;

Now, it is easy to check

0;(t — D;) 0;(t — D;)

9 t 1/2
+ / U? (T)dT) ,
t—D;

2 t 1/2
+ / UE(T)CZT) :
t—D;

<
<
([ o) "<

By using (168) and (169)), one has

0;(t — D;)

0:(t — D;)

B ([ o)

1/2

- 2 t
<(1++vD) ( 0:(t — D;) +/ Uzz(T)dT>
t—D;
From ((167)), it is straightforward to conclude that
~ ~ 9 t 1/2
sup Hi(a)’ <(1++/Dy) ( 0;(t—D;) +/ UE(T)dT>
t—D;<o<t t—D;

and, consequently,

3 1/2
0;(t—D;)

bi] <+

2 t
—i—/ UZ-Q(T)dT)
t—D;
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(166)

(167)

(168)

(169)

(170)

(171)

(172)

Inequality 1} can be given in terms of the periodic solution éln(t — D), UM7), V7 €
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[t — D;,t] as follows

1/2
)— 0 (t—D;)+ 6" (t— D;)

é‘1+\/><

t (T = UR () + UL ()] dr
[ W)=t Ul ) ar

(173)

0]

By applying Young’s inequality and some algebra, the right-hand side of (173|) and

can be majorized by

)—@0(t—Dy)| +[8M—Dy)|

0;(t) ‘<\f 1+\ﬁ<

1/2

t (r)—UN(r)] dr t 12 dr
+/tDi[U’() Ui (r)]"d +/tDi[Ul ()] d> : (174)

According to the averaging theorem by [20,22|, we can conclude that the actual state

converges exponentially to the periodic solution, i.e., 6;(t — D;) — 6™(t — D;) — 0 and

(2

j; D, [ (1) — UNr )] dr — 0, exponentially. Hence,

1/2

- D)

lim sup |6;(t)| = ( +\/_> (

t——+o0

; + /:Di [UF(T)]%ZT)

Then, from 1 , we can write limsup,_, .. [0(t)] = O(1/w). From 1) and reminding
that 6(t) = 6(t) + S(t) with S(t) in (3], one has that 6(t) — 6* = 6(t) + S(t). Since the
first term in the right-hand side is ultimately of order O(1/w) and the second term is of

order O(|a|), then we state (117). From (101]) and (117)), we get (118]).

Corollary 1: It is easy to show that the controller becomes in the case of

output delays or equal inputs delays. Hence, the local stability/convergence results of the

multiparameter Gradient ES in with delayed output (@) and 7 and D > 0
being simply a scalar can be directly stated for the closed-loop delayed system (@ and

from Theorem 2.
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3.3 Simulation Results

In this example, multivariable ES is used for finding a source of a signal (chemical, acous-
tic, electromagnetic, etc.) of unknown concentration field as in (101)) with Hessian:
oo -2 =2
-2 —4

The strength of this field decays with the distance and has a local maximum at
y* = 1 and unknown maximizer 6* = (0} ,605) = (0,1). This is achieved without the
measurement of the position vector § = (6, ,6,) and using only the measurement of the
output scalar signal y with delay D,,; = 5s. The two actuator paths of the vehicle are also
under distinct delays DI* = 10s and Di* = 20s. Thus, the total delays to be compensated
by the predictors are Dy = 15s and Dy = 255.

The proposed schemes are slightly modified for the stated task in by
observing that the integrator, a key adaptation element, is already present in vehicle
models where the primary forces or moments acting on the vehicle are those that provide
thrust/propulsion |23]. Thus, an application of our result for single and double integrators
in control of autonomous vehicles modeled as point mass in the plane is shown to be
possible. However, due to lack of space, we consider the simplest case of a velocity-
actuated point mass only, where the additive dither in is changed by S(t) since the
integrator of the vehicle dynamics can be moved to the ES loop for analysis purposes.
For the double integrator case, it would be needed to replace the lag filter used in (114)
by lead compensator of the form sc¢/(s + ¢), whose role is to recover some of the phase in
feedback loop lost due to the addition of the second integrator |23].

The predictor feedback based ES controllers drive the autonomous vehicle modeled
by

0, =v,  0y=nu, (175)

to (07 ,03), whereas the ES automatically tunes vy, vy to lead the vehicle to the peak of
Q(0).

Tests were performed with the following parameters: a; = as = 0.05, w = 5,
wi = Tw, wy = bw, B(0) = (=1,2), K = 1072 diag{1, 0.5} and ¢ = 20.

shows the system output y(¢) in 3 situations: (a) free of delays, (b) in
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Figure 7 Source seeking under delays for velocity-actuated point mass with additive
dither S(t) = [aw cos(wy (t + D1))  asws cos(ws(t + D3))]T. The signals M (t) and N(t)
are chosen according to and (37). The predictor-based controller is used in the
ES loop to compensate the total delay D; = D" + Doy and Dy = DY + Doy

the presence of input-output delays but without any delay compensation and (¢) with
input-output delays and predictor based compensation.

presents relevant variables for ES. It is clear the remarkable evolution of
the new prediction scheme in searching the maximum and the Hessian’s H.

For the case n = 2 (two control inputs), equation ([114)) is:

t

Ui(t) = sic{KlT <G(t)+ - H,\Uy(7)dr
—4]

t

+ HyUs (1 — (Dy — Dl))dr> } , (176)
t—D1

Us(t) = - Jcr ¢ {K2T (eAl(DQ‘D”G(t)
t
4 ¢A1(D2=D1) ﬁlUl(T)dT
t—D1
t
+ ¢A1(D2=D1) ﬁQUQ(T — (Dy — Dy))dr
t—Dy

4 /t eAl(tT)I’YQUQ(T)dT> } : (177)

—(D2—-D1)
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Figure 8 Time response of y(t)): (a) basic ES works well without delays; (b) ES goes
unstable in the presence of delays (Diga = Dy = DY + Doy is the longest delay); (c)
predictor fixes this.

0 50 100 150 200

Figure 9 (a) parameter 6(t); (b) the control signal U(¢)
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4 AN ALTERNATIVE GRADIENT-BASED ES SCHEME FOR
MULTIPLE AND DISTINCT INPUT DELAYS

The Extremum Seeking scheme for multiple and distinct input delays presented in Chapter
results in a difficult to implement controller, in which the stability analysis involve the
use of backstepping transformation and averaging in infinite dimensions - step 4). In
contrast to this, the alternative gradient-based extremum seeking scheme presentend in
this chapter does not require backstepping transformation, which also leads to a much

more simple control feedback structure.

4.1 Alternative Gradient-Based Predictor

Throughout this chapter, e; € R" stands for the i*" column of the identity matrix I, €
R™™ for each i € {1,2,...,n}. Without loss of generality we assume that the inputs have
distinct known delays which are ordered so that
D:diag{Dl,D2,~-- 7Dn}7 0 SDl S <Dn (178)
Given an R" -valued signal f, the notation f? denotes

T

fD<t):[f1(t—D1) fot = Dz) ... fu(t — Dy) (179)

Let @ : R" — R be a convex static map with a maximum at 0* € R". We assume
that the point #* is unknown but the output of () is available for the past input signal.

More precisely, the measurable signal is given by

y(t) = Q(07(1)) (180)

The purpose of the Extremum Seeking control is to estimate #* from the output

y. To this end, define perturbation signals S(t) and M(t) € R™ by

S(t) = [al sin(wi(t + Dy)) -+ apsin(w,(t+ Dn))} ! (181)

M(t) = [Esin(wlt) isin(wnor (182)
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The delayed signal S” of S is a conventional perturbation signal. We also set the

matrix-valued signal N(t) € R™™ as

Ny(t) =4 @ (183)
sin(w;t) sin(w;t), i # J.

;a5

The probing frequencies w;’s can be selected as
wi=ww=0(Ww), i€1,2,...,n, (184)

where w is a positive constant and w, is a rational number. One possible choice is given
in [9] as
70

1
W, & {w’ §(w;+w,’€), Wi + 2wy, w}%—w,@iw{} : (185)

for all distinct 4, j, k and [.
By using the above signals, we develop an Extremum Seeking scheme in the pre-

sence of input delays. Let the input signal be constructed as

0(t) = 0(t) + S(1), (186)

where 0 is an estimate of 6*. Then, the corresponding output signal becomes

y(t) = Q”(1) = Q (9°(1) + 5P (1)) (187)

We introduce the estimation error § := éD(t) — 0*. Note that the error is defined
with 67 rather than . With this error variable, the output signal y(t) can be rewritten

as

y(t) = Q (0" + (1) + $°(1)) . (188)

To compensate the delays, we propose the following predictor-based update law:

0—U(t), (189)
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U(t) = —cU(t) + cK (M(t)y(t) N Y e /;D Uide) (190)

for some positive constant ¢ > 0 and diagonal matrix K € R™* "™ with positive entries.

Since 6P (t) = UP(t), differentiating the error variable 6 with respect to ¢ yields

n

0(t) = U () = Y eli(t - Dy), (191)

i=1
which is in a standard form of a system with input delays. As we will see later, the terms
in the parentheses in the right-hand side of 1) corresponds to a predicted value of H6

at some time in the future in the average sense.

4.2 Stability Analysis

Theorem 3. Consider the control system in with multiple and distinct input
delays according to and locally quadratic nonlinear map . There exists ¢* > 0
such that, Ve > ¢*, 3 w*(c) > 0 such that, Yw > w*, the closed-loop delayed system
and with state 0;(t — D), Uy(7), V7 € [t — D;,t] and Vi € 1,2,...,n, has a unique
locally exponentially stable periodic solution in t of period I1, denoted by éln(t—Di), Ul(r),
V1 €[t — D, t] and Vi € {1,2,...,n}, satisfying, ¥Vt > 0:

(“[eﬂt— T

IR A dT)Q 0(1/w). (192)

k3

Furthermore,
limsup |0(t) — 0*] = O(la| +1/w), (193)
t—+o0
limsuply(t) —y*| = O(laf* +1/w?). (194)
t—+o00
where a = a1 ag -+ a,]?.

Proof. A PDE representation of the closed-loop system (190)), (191) is given by

0(t) = u(0,1), (195)
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uy(z,t) = D ug(z,t), 2 €(0,1), (196)

u(l,t) =U(t) (197)

Ult) = —cU(t) + cK (M(t)y(t) + N(t)y(t)/o Du(z, t)d:c) , (198)

where u(x,t) = (ui(z,t),ua(x,t), - ,up(x,t))T € R™ Tt is easy to see that the solution

of (196) under the condition (197)) is represented as u;(x,t) = U;(D;x +t — D;) for each

i€{l,2,---,n}. Hence, we have

/ Dyus(x, t)da = / w20 ar — / Ui(7)dr. (199)
0 D D 1-D;

i

This means that

1 n 1 n t
/ Du(x,t)dx = Z e,»/ Du;(x,t)de = Z ei/ Ui(T)dr. (200)
0 =1 70 i=1 D

Thus, we can recover ([191)) from (196)-(198). The average system associated with
(193)-(98) is given by

Oan(t) = an(0,1), (201)

Ugwt(2, 1) = D™ ugp o (2, 1), € (0,1) (202)
Uan(1,1) = Ugy(t) (203)

Uno(t) = —cUqy(t) + cKH (é,w(t) + /0 1 Duav(x,t)dx) : (204)

where we have used the fact that the averages of M (t)y(t) and N(t)y(t) are calculated
as H éav(t) and H. For simplicity of notation, let us introduce the following auxiliary

variables
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I(t) = H (éav(t) + /O 1 Duav(:v,t)dx> , (205)

U =U,, — KV. (206)

With this notation, 1) can be represented simply as Up = —cU. Tn addition,
differentiating (205)) with respect to ¢ yields

0 = HU,,(t). (207)

We prove the exponential stability of the closed-loop system by using the Lyapunov
functional defined by

V(1) = 907 KO(E) + i~ H) /0 (1 2y (2, £) Dutgy (., £)d 1 %U(t)T(—H)U(t).
(208)
Recall that K and D are diagonal matrices with positive entries and that H is a
negative-definite matrix. Hence, all of K, D, and —H are positive-definite matrices. For
simplicity of notation, we omit explicit dependence of variables on ¢. The time derivative

of V' is given by

. | 1
V =20"KHU,, + éAmin(—H)Ug;Uav - ZAmin(—H)u(o)Tu(O)
1 ! - :
— Puin(—H) / o () Tt (2)dz + U7 (— H) (Uw - KHUM,>
0

<2"KHU,, + %Ug;(—H)UM

1

_ 8D_mx)\min(_H))/0 (1 4 2)tgy(2)" Dugy(z)da

+ U (—H)Uu + UY(—=H)K (—H)U,,. (209)
Applying Young’s inequality to the last term leads to

- -1
U'N~HKHKH)U + UL (—H)Uy,. (210)

UY(—H)K(—H)U,, < 5Vau

N | —
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Then, completing the square yields

V <UT(—H)U - 9"K(—H)KY

1 1
- —Amin<_H) / (1 + I)Uay(x)TDUaU(l’>dl'
8 Drnax 0

- . 1~ -
+ UT(—H)Uyy + §UT(—HKJLIKH)U
= U7 (—H) (U + c*(7> —OTK(—H)KY

1 1
— ——— Amin(—H) / (1+ x)uav(aj)TDuavdu, (211)
8Dmax 0

where ¢* := 1 + Apax(—HKHKH ) /Anin(—H). Hence, by setting U,, = —cU for some
¢ > ¢*, we see that there exists 4 > 0 such that V < pV. Finally, it is not difficult to find

positive constants «, 8 > 0 such that

o (1o + [ a0 10 ) < V) < 8 (1) + [ o+ 10 )
' ' (212)
Therefore, the average system — is exponentially stable as long as ¢ > c*.

The remaining steps of the proof follow exactly the steps 6 and 7 of chapter 3.

4.3 Simulation Results

In order to evaluate the multidimentional version of the delay-compensated extremum

seeking, we consider the following static quadratic map:
1
Qo) =1+ (2(61)* + 40, — 1)* + 461 (6. — 1)) , (213)

subject to an input delay of D = (35,40). The extremum points are §* = (0,1) and

y* =1, and the Hessian of the map is
H=— . (214)

For this case (n = 2), the predictor controller equation is given by
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: K; 0
U(t)=—cU(t)+c <M(t)y(t)
0 K,

1 t 0 t
+ N(t)y(t) ( . /tD1 Up(7)dr + , /tD2 UQ(T)dT) ) : (215)

Since M(t) and N(t) are

M(H) = M (t) _ %sin(wlt) 216
My (t) %Sin(wﬂ)
N(t) = Nii(t) Nioft) _ i—? (sz’nQ(wlt) — %) a;la2 sin(wit)sin(wst) | (217)
N21(t) Nzg(t) a24a1 sin(wgt)sin(wlt) Cll_g (SinQ(th) i %)

2

The predictor’s equation (215]) can be written as Ui (t) and Us(t) as follows:

CKl A ~ 1 t 0 t
U1<t) = G(t) + H1 Ul(T)dT + UQ(T)dT (218)
S + C 0 t—Dq 1 t—Do
CKQ ~ ~ 1 t 0 t
s+ c 0 t—D; 1 t—Do

When comparing (218) and (219) with the predictor’s equations (176) and (177))

in the n = 2 example in Chapter 3| it is possible to notice that the new algorithm results

in a simplified controller with easier implementation.

The proposed alternative gradient-based ES under multiple-input delays is shown

in the block diagram of |[Figure 10, For this n = 2 example, D = diag{D;, D2} and
K = diag{ K, K3}. The predictor feedback is implemented according to (218)) and (219),

T
the additive dither signal is S(t) = [algm(wl(t + Dy))  agsin(ws(t + DQ))} and M (t)

and N(t) are given by (216]) and (217) respectively.

In our simulations, we use low-pass and washout filters with corner frequencies wy,
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Figure 10 Block diagram of the prediction scheme for multiple-input delay compensation.
G and H are, respectively, the Gradient and Hessian estimates. D = diag{D;, D>} and
K = diag{ K1, K>}

and w; to improve the controller performance as usual in extremum seeking designs.

In what follows, we present numerical simulations of the predictor (215). We
1 —
100° K2 —

wi = 17.50, wy = 12,50, wy, = w; = <, and (0) = (1,1).

performed our tests with ¢ = 20, K| = a; = ay = 0.05, w = 0.5,

1
200

Figure 11| shows the system output y(t) in 3 situations: (a) free of input delays,
(b) in the presence of multiple and distinct input-delays without any delay compensation
and (c¢) with input-delays and predictor-based compensation.

presents relevant variables for ES: (a) the time response of the parameter
0(t), (b) the control signal U (t) and (c) the Hessian’s estimate H. Tt is clear the remarkable
evolution of the new prediction scheme in searching the maximum and the Hessian’s
parameters of . This ultimate exact perturbation based estimation allows the perfect

delay compensation.
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Figure 11 Alternative gradient-based ES under input-output delays (time response of
y(t): (a) basic ES works well without delays; (b) ES goes unstable in the presence of
delays; (c) predictor fixes this.
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Figure 12 Alternative gradient-based ES under multiple input-delays: (a) parameter 6(t);
(b) the control signal U(t); (c) Hessian’s estimate H(t). The elements of H(t) converge
to the unknown elements of H(t).
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CONCLUSION

A new gradient extremum seeking controller was developed for multiparameter
real-time optimization in the presence of distinct actuator delays. The control scheme
introduced here for delay compensation uses prediction feedback with perturbation-based
estimate of the Hessian associated with an adequate tune of the dither signals. The novel
predictor feedback is much simpler than the previous gradient case found in the literature.
The generalization for multi-input-single-output maps with distinct input delays has to
perform prediction of the cross-coupling of the channels. As a further advance in this
challenging scenario is that the contributions are achieved without invoking the backs-
tepping methodology usually employed in the publications concerning extremum seeking
under delays.

As future work, suggestion to continue developing extremum seeking theory with
a stochastic version of the proposed algorithm, application to dynamic maps rather than

static ones, and unknown and distributed delays.
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